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1 Introduction

A curvilinear coordinate system is a coordinate system composed of intersecting surfaces. If the intersec-
tions are all at right angles, then the curvilinear coordinates are said to form an orthogonal coordinate
system. If not, they form a skew coordinate system. An orthogonal coordinate system is a system of
curvilinear coordinates in which each family of surfaces intersects the others at right angles. Orthogonal
coordinates therefore satisfy the additional constraint that

êi · êj = δij

In a curvilinear coordinate system, the position of a point is specified by a set of coordinates, and each
coordinate is associated with a curve or surface. The choice of curves or surfaces is often motivated by
the symmetry of the problem being analyzed. The primary advantage of curvilinear systems is that they
simplify the mathematical representation of physical systems with specific symmetries.
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2 Spherical Polar Coordinates

(x, y, z) ←→ (r, θ, ϕ)

x = r sin θ cosϕ

y = r sin θ sinϕ

z = r cos θ

r ∈ [0,∞) , θ ∈ [0, π] , ϕ ∈ [0, 2π)

r = xx̂+ yŷ + zẑ

= r sin θ cosϕr̂ + r sin θ sinϕθ̂ + r cos θϕ̂
x

y

z

P (r, θ, ϕ)

r

ϕ

θ

Scale Factors

hr =

∣∣∣∣∂r∂r
∣∣∣∣ =√sin2 θ cos2 ϕ+ sin2 θ sin2 ϕ+ cos2 θ

=

√
sin2 θ(cos2 ϕ+ sin2 ϕ) + cos2 θ

=
√
sin2 θ + cos2 θ

= 1

hθ =

∣∣∣∣∂r∂θ
∣∣∣∣ =√r2 cos2 θ cos2 ϕ+ r2 cos2 θ sin2 ϕ+ r2 sin2 θ

=

√
r2 cos2 θ(cos2 ϕ+ sin2 ϕ) + r2 sin2 θ

=

√
r2(cos2 θ + sin2 θ)

=
√
r2

= r

hϕ =

∣∣∣∣ ∂r∂ϕ
∣∣∣∣ =√r2 sin2 θ sin2 ϕ+ r2 sin2 θ cos2 ϕ

=

√
r2 sin2 θ(sin2 ϕ+ cos2 ϕ)

=
√
r2 sin2 θ

= r sin θ

Differential Elements

Line Element

dr = hrdrr̂ + hθdθθ̂ + hϕdϕϕ̂ = drr̂ + rdθθ̂ + r sin θdϕϕ̂

Area Element

dA = dAr=cte = hθhϕdθdϕr̂ = r2 sin θdθdϕr̂

= dAθ=cte = hrhϕdrdϕθ̂ = r sin θdrdϕθ̂

= dAϕ=cte = hrhθdrdθϕ̂ = rdrdθϕ̂

Volume Element

dV = hrhθhϕdrdθdϕ = r2 sin θdrdθdϕ
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Differential Operators

Gradient

∇f =
1

hr

∂f

∂r
r̂ +

1

hθ

∂f

∂θ
θ̂ +

1

hϕ

∂f

∂ϕ
ϕ̂

=
∂f

∂r
r̂ +

1

r

∂f

∂θ
θ̂ +

1

r sin θ

∂f

∂ϕ
ϕ̂

Divergence

∇ · F =
1

hrhθhϕ

[
∂(hθhϕFr)

∂r
+

∂(hrhϕFθ)

∂θ
+

∂(hrhθFϕ)

∂ϕ

]

=
1

r2 sin θ

[
sin θ

∂(r2Fr)

∂r
+ r

∂(sin θFθ)

∂θ
+ r

∂Fϕ

∂ϕ

]

=
1

r2
∂(r2Fr)

∂r
+

1

r sin θ

∂(sin θFθ)

∂θ
+

1

r sin θ

∂Fϕ

∂ϕ

Rotational

∇× F =
1

hrhθhϕ

∣∣∣∣∣∣
hrr̂ hθθ̂ hϕϕ̂
∂/∂r ∂/∂θ ∂/∂ϕ
Frhr Fθhθ Fϕhϕ

∣∣∣∣∣∣
=

1

hrhθhϕ

[
hr

(
∂(hϕFϕ)

∂θ
− ∂(hθFθ)

∂ϕ

)
r̂ − hθ

(
∂(hϕFϕ)

∂r
− ∂(hrFr)

∂ϕ

)
θ̂ + hϕ

(
∂(hθFθ)

∂r
− ∂(hrFr)

∂θ

)
ϕ̂

]

=
1

r2 sin θ

[(
r
∂(sin θFϕ)

∂θ
− r

∂Fθ

∂ϕ

)
r̂ − r

(
sin θ

∂(rFϕ)

∂r
− ∂Fr

∂ϕ

)
θ̂ + r sin θ

(
∂(rFθ)

∂r
− ∂Fr

∂θ

)
ϕ̂

]

=
1

r2 sin θ

(
r
∂(sin θFϕ)

∂θ
− r

∂Fθ

∂ϕ

)
r̂ − 1

r sin θ

(
sin θ

∂(rFϕ)

∂r
− ∂Fr

∂ϕ

)
θ̂ +

1

r

(
∂(rFθ)

∂r
− ∂Fr

∂θ

)
ϕ̂

=
1

r sin θ

(
∂(sin θFϕ)

∂θ
− ∂Fθ

∂ϕ

)
r̂ −

(
1

r

∂(rFϕ)

∂r
− 1

r sin θ

∂Fr

∂ϕ

)
θ̂ +

1

r

(
∂(rFθ)

∂r
− ∂Fr

∂θ

)
ϕ̂

Laplacian

∇2f = ∇ · (∇f) = ∇ ·

(
1

hr

∂f

∂r
r̂ +

1

hθ

∂f

∂θ
θ̂ +

1

hϕ

∂f

∂ϕ
ϕ̂

)

=
1

hrhθhϕ

[
∂

∂r

(
hθhϕ

hr

∂f

∂r

)
+

∂

∂θ

(
hrhϕ

hθ

∂f

∂θ

)
+

∂

∂ϕ

(
hrhθ

hϕ

∂f

∂ϕ

)]

=
1

r2 sin θ

[
sin θ

∂

∂r

(
r2

∂f

∂r

)
+

∂

∂θ

(
sin θ

∂f

∂θ

)
+

∂

∂ϕ

(
1

sin θ

∂f

∂ϕ

)]

=
1

r2
∂

∂r

(
r2

∂f

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂f

∂θ

)
+

1

r2 sin2 θ

∂2f

∂ϕ2
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3 Cylindrical Polar Coordinates

(x, y, z) ←→ (ρ, ϕ, z)

x = r cosϕ

y = r sinϕ

z = z

ρ ∈ [0,∞) , ϕ ∈ [0, 2π) , z ∈ (−∞,∞)

r = xx̂+ yŷ + zẑ

= r cosϕρ̂+ r sinϕϕ̂+ zẑ

x

y

z

P (ρ, ϕ, z)

ρ
ϕ

z

Scale Factors

hρ =

∣∣∣∣∂r∂ρ
∣∣∣∣ =√cos2 ϕ+ sin2 ϕ = 1

hϕ =

∣∣∣∣ ∂r∂ϕ
∣∣∣∣ =√ρ2 sin2 ϕ+ ρ2 cos2 ϕ

=

√
ρ2(sin2 ϕ+ cos2 ϕ)

=
√
ρ2

= ρ

hz =

∣∣∣∣∂r∂z
∣∣∣∣ = 1

Differential Elements

Line Element

dr = hρdρρ̂+ hϕdϕϕ̂+ hzdzẑ = dρρ̂+ ρdϕϕ̂+ dzẑ

Area Element

dA = dAρ=cte = hϕhzdϕdzρ̂ = ρdϕdzρ̂

= dAϕ=cte = hρhzdρdzϕ̂ = dρdzϕ̂

= dAz=cte = hρhϕdρdϕẑ = ρdρdϕẑ

Volume Element

dV = hρhϕhzdρdϕdz = ρdρdϕdz

Differential Operators

Gradient

∇f =
1

hρ

∂f

∂ρ
ρ̂+

1

hϕ

∂f

∂ϕ
ϕ̂+

1

hz

∂f

∂z
ẑ

=
∂f

∂ρ
ρ̂+

1

ρ

∂f

∂ϕ
ϕ̂+

∂f

∂z
ẑ
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Divergence

∇ · F =
1

hρhϕhz

[
∂(hϕhzFρ)

∂ρ
+

∂(hρhzFϕ)

∂ϕ
+

∂(hρhϕFz)

∂z

]

=
1

ρ

[
∂(ρFρ)

∂ρ
+

∂Fϕ

∂ϕ
+ ρ

∂Fz

∂z

]

=
1

ρ

∂(ρFρ)

∂ρ
+

1

ρ

∂Fϕ

∂ϕ
+

∂Fz

∂z

Rotational

∇× F =
1

hρhϕhz

∣∣∣∣∣∣
hρρ̂ hϕϕ̂ hzẑ
∂/∂ρ ∂/∂ϕ ∂/∂z
Fρhρ Fϕhϕ Fzhz

∣∣∣∣∣∣
=

1

ρ

[
hρ

(
∂(hzFz)

∂ϕ
− ∂(hϕFϕ)

∂z

)
ρ̂− hϕ

(
∂(hzFz)

∂ρ
− ∂(hρFρ)

∂z

)
ϕ̂+ hz

(
∂(hϕFϕ)

∂ρ
− ∂(hρFρ)

∂ϕ

)
ẑ

]

=
1

ρ

[(
∂Fz

∂ϕ
− ρ

∂Fϕ

∂z

)
ρ̂− ρ

(
∂Fz

∂ρ
− ∂Fρ

∂z

)
ϕ̂+

(
∂(ρFϕ)

∂ρ
− ∂Fρ

∂ϕ

)
ẑ

]

=

(
1

ρ

∂Fz

∂ϕ
− ∂Fϕ

∂z

)
ρ̂−

(
∂Fz

∂ρ
− ∂Fρ

∂z

)
ϕ̂+

1

ρ

(
∂(ρFϕ)

∂ρ
− ∂Fρ

∂ϕ

)
ẑ

Laplacian

∇2f = ∇ · (∇f) = ∇ ·

(
1

hρ

∂f

∂ρ
ρ̂+

1

hϕ

∂f

∂ϕ
ϕ̂+

1

hz

∂f

∂z
ẑ

)

=
1

ρ

[
∂

∂ρ

(
ρ
∂f

∂ρ

)
+

1

ρ

∂

∂ϕ

(
∂f

∂ϕ

)
+ ρ

∂

∂z

(
∂f

∂z

)]

=
1

ρ

∂

∂ρ

(
ρ
∂f

∂ρ

)
+

1

ρ

∂2f

∂ϕ2
+

∂2f

∂z2
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4 Parabolic Coordinates

(x, y, z) ←→ (u, v, ϕ)

x = uv cosϕ

y = uv sinϕ

z =
1

2
(u2 − v2)

u ∈ [0,∞) , v ∈ [0,∞) , ϕ ∈ [0, 2π)

r = xx̂+ yŷ + zẑ

= uv cosϕû+ uv sinϕv̂ +
1

2
(u2 − v2)ϕ̂ x

yϕx y

z

ϕ = cte
v = cte

u = cte

P (u, v, ϕ)

z

Scale Factors

hu =

∣∣∣∣ ∂r∂u
∣∣∣∣ =√v2 cos2 ϕ+ v2 sin2 ϕ+ u2

=

√
v2(cos2 ϕ+ sin2 ϕ) + u2

=
√
v2 + u2

hv =

∣∣∣∣∂r∂v
∣∣∣∣ =√u2 cos2 ϕ+ u2 sin2 ϕ+ v2

=

√
u2(cos2 ϕ+ sin2 ϕ) + v2

=
√
u2 + v2

hϕ =

∣∣∣∣ ∂r∂ϕ
∣∣∣∣ =√u2v2 sin2 ϕ+ u2v2 cos2 ϕ

=

√
u2v2(sin2 ϕ+ cos2 ϕ)

=
√
u2v2

= uv

Differential Elements

Line Element

du = huduû+ hϕ + hvdvv̂ + dϕϕ̂ =
√
v2 + u2duρ̂+

√
u2 + v2dvv̂ + uvdϕϕ̂

Area Element

dA = dAu=cte = hvhϕdvdϕû = uv
√

u2 + v2dvdϕû

= dAv=cte = huhϕdudϕv̂ = uv
√
v2 + u2dudϕv̂

= dAϕ=cte = huhvdudvϕ̂ = (u2 + v2)dudvϕ̂

Volume Element

dV = huhvhϕdudvdϕ = uv(u2 + v2)dudvdϕ
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Differential Operators

Gradient

∇f =
1

hu

∂f

∂u
û+

1

hv

∂f

∂v
v̂ +

1

hϕ

∂f

∂ϕ
ϕ̂

=
1√

u2 + v2
∂f

∂u
û+

1√
u2 + v2

∂f

∂v
v̂ +

1

uv

∂f

∂ϕ
ϕ̂

Divergence

∇ · F =
1

huhvhϕ

[
∂(hvhϕFu)

∂u
+

∂(huhϕFv)

∂v
+

∂(huhvFϕ)

∂ϕ

]

=
1

uv(u2 + v2)

[
v
∂(u
√
u2 + v2Fu)

∂u
+ u

∂(v
√

(u2 + v2Fv)

∂v
+ (u2 + v2)

∂Fϕ

∂ϕ

]

=
1

u(u2 + v2)

∂(u
√
u2 + v2Fu)

∂u
+

1

v(u2 + v2)

∂(v
√
(u2 + v2Fv)

∂v
+

1

uv

∂Fϕ

∂ϕ

Rotational

∇× F =
1

huhvhϕ

∣∣∣∣∣∣
huû hvv̂ hϕϕ̂
∂/∂u ∂/∂v ∂/∂ϕ
Fuhu Fvhv Fϕhϕ

∣∣∣∣∣∣
=

1

huhvhϕ

[
hu

(
∂(hϕFϕ)

∂v
− ∂(hvFv)

∂ϕ

)
û− hv

(
∂(hϕFϕ)

∂u
− ∂(huFu)

∂ϕ

)
v̂ + hϕ

(
∂(hvFv)

∂u
− ∂(huFu)

∂v

)
ϕ̂

]

=
1

uv(u2 + v2)

[√
u2 + v2

(
u
∂(vFϕ)

∂v
−
√
u2 + v2

∂Fv

∂ϕ

)
û−

√
u2 + v2

(
v
∂(uFϕ)

∂u
− (u2 + v2)

∂Fu

∂ϕ

)
v̂

+

(
uv

∂(
√
u2 + v2Fv)

∂u
− uv

∂(
√
u2 + v2Fu)

∂v

)
ϕ̂

]

=
1

v

(
1√

u2 + v2
∂(vFϕ)

∂v
− 1

u

∂Fv

∂ϕ

)
û− 1

u

(
1√

u2 + v2
∂(uFϕ)

∂u
− 1

v

∂Fu

∂ϕ

)
v̂

+
1

(u2 + v2)

(
∂(
√
u2 + v2Fv)

∂u
− ∂(

√
u2 + v2Fu)

∂v

)
ϕ̂

=
1

r sin θ

(
∂(sin θFϕ)

∂θ
− ∂Fθ

∂ϕ

)
r̂ −

(
1

r

∂(rFϕ)

∂r
− 1

r sin θ

∂Fr

∂ϕ

)
θ̂ +

1

r

(
∂(rFθ)

∂r
− ∂Fr

∂θ

)
ϕ̂
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Laplacian

∇2f = ∇ · (∇f) = ∇ ·

(
1

hu

∂f

∂u
û+

1

hv

∂f

∂v
v̂ +

1

hϕ

∂f

∂ϕ
ϕ̂

)

=
1

huhvhϕ

[
∂

∂u

(
hvhϕ

hu

∂f

∂u

)
+

∂

∂v

(
huhϕ

hv

∂f

∂v

)
+

∂

∂ϕ

(
huhv

hϕ

∂f

∂ϕ

)]

=
1

uv(u2 + v2)

[
v
∂

∂u

(
u
∂f

∂u

)
+ u

∂

∂v

(
v
∂f

∂v

)
+

(u2 + v2)

uv

∂

∂ϕ

(
∂f

∂ϕ

)]

=
1

u(u2 + v2)

∂

∂u

(
u
∂f

∂u

)
+

1

v(u2 + v2)

∂

∂v

(
v
∂f

∂v

)
+

1

u2v2
∂2f

∂ϕ2
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