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1 Prelude

We use the metric with signature (—+++). We assume cosmological constant A = 0. Unlike other
derivations, in this intuitive work I want to make clear some points and convince the reader that
every step I do makes sense without so much mathematical rigor.

2 Introduction

The Einstein Field Equation (EFE) is
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R,, = Ricci tensor, R = Ricci scalar, T}, = Energy-Momentum tensor

We want to describe the exterior of a black hole, this means T}, = 0. Solving EFE gives us
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Ricci plane doesn’t mean plane space-time. It means area or volume doesn’t change along the
geodesic.

The Minkowski metric in spherical coordinates (7,6, ¢) is
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The metric tensor g, is
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3 Assumptions
1. The system is spherically symmetric
This means we can use spherical coordinates for # and ¢.
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Also this means we can introduce functions without breaking the symmetry (we will see later).
2. The system is static
Static means two things:

e Stationary space-time

e System invariant under ¢ — —t transformation

This means that the system is independence of time and is not rotating, which also means
independence of 6 and ¢.

We can introduce two functions g = A(r) and g, = B(r).

The metric tensor g,, turns out

—A(r) 0 0 0

B 0 B(r) 0 0
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In order to obtain A(r) and B(r) we need to:
e Calculate Christoffel symbols (connection coefficients).
e Calculate Ricci tensor components.
e Match the results with the Newtonian gravity theory at some boundaries.

To simplify calculations we set



4 Christoffel Symbols

1
FZI/ = §gga (8ugow =+ &/ga,u - 8chuu)

Since gy, is diagonal we know that
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The thirteen non-zero terms are

F81 = F[I)O = ;i/
Féozég Fh :;Z F%Q__% 1%3: rsinf
2, =T% = - I'2, = —sinfcosf
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5 Alternative Method (Lagrangian)

Did you get stressed whit a lot of calculations? An alternative way to obtain the non-zero connection
coefficients is through the Euler-Lagrange equations. Often, this is useful because you get them

without calculate one by one.

1
L(z%,2%) = 5gw,(:c"):i:“x'” 4 (

dr \9i° ]  0x°

oL ) OL

I : .
L= (At2 + Bi* 4+ 120 + r?sin® 9¢2)

oL oL . d (9L T
=0 oi=4 dT<8t.>_Art+At

/

. .. . A
Art+At=0 = +t+ Z?’"t =0 — geodesic
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oL 1 ,. 1 . . oL d /0L
9 9 + BT + r0° + rsin® 0¢°, o 7, 7\ 5 72+ Bi

1 . .
—B'i? —rf? — rsin®6¢* =0

1 ,.
B'7? + Bi — —A'{? —
r“+ br 5 5

1A4". 1B . :
P §§t2 + §§7;2 _ %32 _ %sinQ 9¢2 =0 — geodesic

gz = r2sin 6 cos 9&2, Zg = r20, % (gg) = 2r70 + r%0

20 + 120 — r’sinfcos0d? =0 = 0+ ;7’"9 —sinfcosfp®> =0 —> geodesic
L L : L . .. .
ggf) =0, gqﬁ =r?sin? ¢, di' <8> = 2rsin? 07¢ 4+ 2r sin 0 cos 00¢ + r? sin’ ¢

orsin’ 07 4+ 2rsinfcos00p +r’sin’ g =0 = ¢+ rdp+2cot0p=0 — geodesic
T

The geodesics are

. A 1A . 1B r . r .
t+—7t=0 P i 2 - 07— —sin?04% =0
—i—Ar T 55 +2BT 5 Bsm ¢

é+%¢9—sin6cos@q52:0 g%—i—%f’(b%—QcotHéq'b:O

We can identify the non-zero terms

1A
Iy =T ==~
1A 1B T rsin? 0
Féo:§§ F%l_ig F%QZ—E 33 = — B
2 2 1 2 .
F12 — F21 — r F33 - — Sln9C089
3 3 1 3 3
F13 - Fgl - ; P23 - F32 - COt@

Note that when two different components are multiplying we divide it by 2. Also, in the second
geodesic we reverse the sign for the time component since it is negative from our metric (— + ++).
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6 Ricci Curvature Tensor

‘R v =R, = 0,1, — 9,10, +T5,I', — %, I7,
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0=0,1,2,3
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0 1A’ n 1B 1A n 1 1A n 1 1A 1A 1A’
87“ 2 B 2B r 2B r 2B 2A

1A” 1A'B 1AB A 1(A4)?

5B 2B 1B "B 14B

1LA" 1A4B A 1(4)?

=58 4B "B 14B

/- 4AB?r

2A"ABr — A'B'Ar + 4A’AB — (A))?Br

o=1 0=0,1,2,3 a=1 a=0=0,1,2,3
Ry = 0,17, — O], +T3,I71 — T'.IY,
o= 0,1,2,3
:/YPﬁ_ 611“(1)0 _QYP%T_ 81F%2 - 81F 13+ 15 1F I‘9011(1)0 - I‘hl“h - F%J%z - P?ZSF 81F10
= 01Tty — il + Ty Ty + TPy + 15, Ty + T — Dby — Tl — Tl

= -]y — HTY + T T, + T3 T + T3 Ty — T — TH,IT, — Tl
LD (1Y 01y 01y (1A (15 (1) (15
- or\2A4 or \r or \r 2 A r 2 B
L) (LB (LA (LA 1N (1Y (1Y (L

r 2 B 2 A 2 A r r r r
SR IR IRY- S T
=734 t3 A2 148 " Br 1 A2

" N2 I R/ /
1A”  1(A) +1AB+£ 442
B

2 A "4 A2 T4 AB

= 2A"ABr 4 (A)?Br + A'B'Ar + 4B’ A*
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o=1 =3 a=1 a:a:1,2,3
O' a o ol
Roy = 3UF22 82F + I, by

0=0,1,2,3
_ 1 3 o 1l 1 12 2 1l 3 13
= 019y — Oal'95 + T'7 gy — T'gol'5y — I'51'59 — I'53T54

= O1Tgy — 0135 + 10, Tgg + T11 Ty + I3rPo; + T5, T3y — T3, — D3P, — I'3515

= 01['gy — 0ol'55 + 0 T + ' Ty + 5Ty — T3, — 5515,

L) b () (5) () )+ (1)

— (—L o (cot 0)(cot 9)
1 B . 1A% 1B
B+§+(CSC 0 cot 9)—§E 2@
1 1B'r 1 Ar 9
“ptamtlooupg /P

= _—2AB+ B'Ar + 2AB%> — A'Br

o=1,2 a=1,2 a:a:1,2,3
g Oé (0% g
R33 = 81ﬂ33 %30+F 301 30

0=0,1,2,3 o= 3
= 0133+ 0o1'33 + TG T3 + ToI%5 — [gal3) — T3 T8y — D335, — T5,1'5,

= 01l + 0o1'%5 + I'0 'y + I} Ty + 15, Ty + D3PS + I35F55 — D315, — D3PSy — T'5,15, — I35F55

= 0133 + 02155 + 10, 33 + T} Ty + 15,33 — T3aT5) — I'35105,
_3 _rsin29 +2(—Sin9()089)—|— lé’ _rsin29 N }E’ _rsin29
- or B 00 2 A B 2B B

1 r sin? rsin? 6 .
+M_(%%/Cj_ (— sin 6 cos 6)(cot 6)

:_sin29+B’rsm 9—%2/9+Sm 9_1AlTSiﬂ29_lB/TSin20+%s2/g

B B2 AB 2 B2
i 2 e a2 /
sin“d 1 B'rsin“6 1 A'rsin? 6
= — — 0 — ————— .2AB?
5 T o Tl p /

= (—2AB + B'Ar + 2AB? — A'Br) sin® 0
= R22 sin2 0
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The Ricci tensor components are

Roo = 2A" ABr — A'B'Ar + 4A'AB — (A')*Br

Ryy = —2A"ABr + (A")?Br + A'B'Ar + 4B’ A?

Roy = —2AB + B'Ar + 2AB?> — A'Br Rs3 = Ryosin® 6

7 Find the Metric
Since R, = 0, then Roo + R11 =0
0 = 24"ABr — A'BAr + AA'AB — (AY*B7r — 2A"ABr + (AY*Br + AXB"Ar + 4B’ A?

0= (4A)(A'B + AB)

d

=— (A

0 dr( B)
AB=C

When we move far away from the black hole » — oo, space-time should look like Minkowski flat
space-time.

A—-c? B—1 = AB=¢ = B=cA"!

B:

| Qo
i

Replacing B and B’ into Rao

Roy = —2AB + B'Ar + 2AB? — A'Br

c? g A 2\’ , [

Al 1 A
= —2c% CQZT + 2C4Z - 0227“

A 1
= —2¢2 —26227‘4—2642 /A
= 224 — 22 A'r + 2¢1

=(—A—-Ar+c*H2t=0 — Ar=c"-A

17



Solving the ODE

dA
%7“202—14

1 1
Jaaia= [

—In(* - A)=Inr+C

(- A =kr
02—A:ﬁ = A:c2—ﬁ
r r

The metric tensor turns out

—(1-%) 0 0 0
0 1-2)7" 0 o
Juv =
0 0 20
0 0 0 r2sin?6

8 Match with Newtonian Gravity
Why do we need to force the Schwarzschild to match with Newtonian gravity?

This relation ensures us that general relativity is consistent with classical Newtonian gravity where
velocities are much smaller than the speed of light and gravity is relatively weak.

First, let’s review some basic concepts.

GMm dv

F = — r F:— = —_——

¢ e W=
F:—Cg—‘; — dV=-Fdr — V:—/Fdr

1
V(r) = GMm / ydr

-aun(-1)

_GMm

T
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V is the potential energy of a particle of a mass m in the presence of a mass M. Then, the gravi-
tational field of the mass M is

GM
=
r
From Newton’s Second Law
F =ma
g = ma
g=a
A2zt
dt?

Before solving for constant k, we need to consider:
1. Low velocity
This means we use ¢ as the path parameter and the four-velocity vector is U* = (¢, 0,0, 0).
2. Weak gravity
This means we can approximate g, ~ N + b, where |hy,| < 1.
First consideration allow us to write the geodesic equation

ol datdet
dt? o dt dt

As we want the time coordinate component ggg

C C
A2t o da/ d
o+ T} 7%7% =0
az ooy
A%zt i
W + F0062 =0

Comparing these two equations

R R )
dtQ +V<I>:O W‘FFBOCQ:O
we can deduce that
. 1 1 00 1
i —_ — _H:
007 2 Ve 2 oxt 2 0:®
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Following the second consideration
, 1 . 0 0
I = 59” (86900 + PG00 — Bagoo)

1 .
— o ahf
277 (—=0ahoo)

1. 1
=5 (Oihoo)
1
— o
5 Jihoo
Solving for hgg
1 1 20
Cjﬁz@ = —5,@{7100 = hoo = 2

Our approximation gives us
9oo = 100 + hoo

29
2
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From the metric tensor calculated in the last section we can obtain the constant k.

~—1-—

1 P 1+ 2%
cr c?
k 2GM
1- 5 =1-2
A A
k=2GM
Finally, we get the Schwarzschild metric
2GM
B (1 T ) 0 0 0
2gM\~1
0 (1 T ) 0 0
G =
0 0 2 0
0 0 0 r%sin?6

or

2GM 2GM\
ds? = — <1 — ) c2dt? + <1 — ) dr?® + r2d6? + r? sin® 9d<b2

c2r c2r
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